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Abstract 
This paper presents the optimal solu- 
tions to the maximum endurance subsonic 
by the application of Pontryagin's maximum 
principle. The gliding vehicle is assumed 
to be carried by an aeroplane which has a 
velocity vector heading along the line 
connecting aeroplane and target. Then at 
a certain point when the aeroplane is ap- 
proaching, directly above, or leaving the 
target, the vehicle is released. The 
vehicle then glides to the target in the 
horizontal plane with a maximum flight 
time. The formulation is reduced to a 
minimum number of aerodynamic characteri- 
stics by the use of a set of dimensionless 
variables so that the results are appli- 
cable to a whole class of vehicles. Bank 
angle is the control variable. There are 
two constraints on the turning maneuver- 
ability, one is the load factor and the 
4 other is the maximum lift coefficient. 
These two constraints are discussed in 
detail. Several optimal trajectories with 
different points of release are computed. 
For a specified altitude, it is found that 
there are a maximum radius of penetration 
and an absolute maximum endurance. Also, 
the influence of the altitude on the glid- 
ing flight in a horizontal plane is dis- 
cussed. 
gliding trajectories in a horizontal plane 
Nomenclature 
co,c1,C2,c3 constants of integration 
CD drag coefficient 
zero  lift drag coefficient 
lift coefficient 
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D drag force 
E* maximum lift-to-drag ratio 
h a1 ti tude 
H Hami 1 tonian function 
H part of the Hamiltonian 
kltk2 ,k3 constants,=C1/Co,C2/Co,C3/Co, 
K induced drag factor 
L lift force 
m mass of the vehicle 


























=P*/u' -(upu) /2E*u2,respecti- 




speed of vehicle 
weight of vehicle 
dimensionless coordinates 




normalized lift coefficient 
bank angle 
density of atmosphere 
ve ly 
normalized time 
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Introduction 
The problem of determining minimum and 
maximum endurance trajectories for subsonic 
gliding flight in a horizontal plane has 
been considered previously.lr2 In Ref.1, 
both minimum and maximum endurance gliding 
flights were formulated and solved numeri- 
cally. In the formulation, the control 
variable is parametrized as a polynomial of 
the normalized time. Hence the problem 
becomes a parameter optimization problem. 
In Ref. 2, the case of maximum endurance 
trajectories return to the original start- 
ing point is further considered by using a 
piecewise continuous polynomial control 
approximation. In both references, a speci- 
fied small lifting vehicle which can be 
used as a low-level weapons delivery system 
is used for the numerical integration. 
This paper presents the optimal solu- 
tions to the maximum endurance trajectories 
by the application of Pontryagin‘s maximum 
principle.3,4 Furthermore, by the use of 
a set of dimensionless variables, the solu- 
tions obtained are applicable to a whole 
class of glide vehicles. 
where at subsonic soeeds. C,.- and K are 
Variational Formulation 
The geometry of gliding flight in a 
horizontal plane is depicted in Fig. 1 and 
the motion is governed by the state equa- 
tions : 5 
x = v cos* 









Fig.1 Geometry of Gliding in a Horizontal 
Plane. 
V = -D/m (IC) 
$ = L sinp/mV (Id) 
L COSU = w (le) 
We shall consider a parabolic drag polar of 
the form 
( 2 )  CD= Cm+ KCL 2 
~~~~.~ .. _ _ _  . ~ ~. 
considered as constant. 
dimensionless system 
By”Vhe use of the 
x=gx/v;, y=gY/Vo, 2 u=v/vo 
( 3 )  d 
a=gt/vo, w=~w/psv$c~ 
where Vo is the initial speed and C: is the 
lift coefficient for maximum lift-to-drag 
ratio, we obtain the set of dimensionless 
equations of motion:4 
x‘= u cos $ (4a) 
y’= u sin @ (4b) 
(4c) 
$I=  tanu/u (4d) 
a ’ =  1 (4e) 
u‘= - (u2/2E*w) 11+(w2/u4cos2u) I 
where the prime denotes derivative taken 
with respect to the dimensionless time, a. 
The last equation is introduced to treat 
the time as a state variable. In this 
system, the only performance parameter 
involved is the maximum lift-to-drag ratio, 
E*. The dimensionless wing loading, w,  
which is a constant in level flight, is a 
physical characteristic for a whole class 
of glickvehicles. It is also used to ana- 
lvze the influence of the altitude on alid- 
J cosp = o/hu2 ( 5 )  
where h is the normalized lift coefficient 
A = C,/C; ( 6 )  
Because of this constraint, the bank anule. 
U .  is the sole control in the dvnamical _ .  ~ ~ ~ ~~~~ ~~ 
system. In turning flight, chere arc! EWO 
physical constraints on the inancuvcrabirlrc;’. 
The first one is the load factor 
n = L/W = ]./cos 11 ( 7 )  
This value is bounded by an upper limit 
n=nmax which is a physiological/structural 
limit, The other constraint is the maximum 
lift coefficient CLma , or in normalized 
form, Amax. 
to the set 
Hence, tffe bank control belongs 
01lul5inf. [cos -1 (l/nmax) ,COS-‘(~/U*A,~~) I
( 8 )  
Using the maximum principle, we intro- 
duce the adjoint vector p to form the Hami- 
ltonian 
H=~,u cos$+ pyu sin$-pu(u2/2E*w) [I+ 
( u 2 / u 4 ~ ~ ~ 2 v )  I +p* (tanp/u) +pa ( 9 )  
u It is known that the ariational problem has the integrals: B 
2 
P @  = co ( l o a )  
Px = c1 ( lob )  
Py = c2 ( 1 0 C )  
p* = CIY - c2x + c3 (10d) 
Furthermore, s i n c e  t h e  t i m e  is an ignorab le  
coord ina te ,  and i n  t h e  maximum endurance 
problem the  f i n a l  t i m e  is n o t  s p e c i f i e d ,  
we have i d e n t i c a l l y  f o r  t h e  whole d u r a t i o n  
of t h e  f l i g h t  
H S O  (11) 
Regarding t h e  opt imal  bank angle ,  i t  
s u f f i c e s  t o  cons ider  t h e  par t  of t h e  Hami- 
l t o n i a n  con ta in ing  p :  
where 
This reduced Hamiltonian can be cons idered  
as t h e  d o t  product  of  t h e  t w o  v e c t o r s  ( P 1 ,  
Pz)  and (M1,Mz) such t h a t  
(14) 2 ML = tanv, MZ = l/cos v 
When II v a r i e s ,  t h e  v e c t o r  2 d e s c r i b e s  a 
(15)  
2 parabola  M2 = 1 + M1 
1 c a l l e d  the  domain of maneuverabi l i ty  as 
shown i n  Fig. 2 .  
Fig.  2 Domain of Maneuverabi l i ty  and 
Optimal Bank Control .  
To maximize n ,  i f  t h e  v e c t o r  3, wi th  compo- 
nen t s  PE and Pz, i s  i n s i d e  t h e  ang le  N10N2, 
t h e  optimal bank ang le  used  is an i n t e r i o r  
bank angle  such t h a t  a t  t h e  terminus of  
t h e  vec to r  d,  t h e  tangent  t o  t h e  parabola  
_I is or thogonal  t o  t h e  v e c t o r  it. This i s  
expressed  by 
When t h e  v e c t o r  $ is o u t s i d e  t h e  ang le  
N10N2, t h e  bank ang le  i s  t h e  maximum bank 
ang le  as  given by t h e  c o n s t r a i n t  (8) and 
it has  t h e  s i g n  of p $ . ,  I n  the  case where 
p c 0 and p = 0 for a f i n i t e  t i m e  i n t e r v a l ,  
tEere may e%st a c h a t t e r i n g  c o n t r o l  i n  
which t h e  bank angle  r a p i d l y  swi tches  be- 
tween -tlTaX and urnax. This only occurs  i n  
some minimum t i m e  problem and i n  gene ra l  i n  
t h i s  maximum endurance problem, t h e  bank 
a n a l e  i s  u s u a l l y  of  t h e  i n t e r i o r  tvue.  I n  
thg  case of  i n t e r i o r  op t imal  bank a n g l e ,  
u s ing  t h e  i n t e g r a l s  (SO) and (11) i n  t h e  
opt imal  r e l a t i o n  ( 1 6 )  w e  have t h e  equa t ion  
(kly-k2x+k3)A 2 +2u[ l+u(k lcos$+k2s in$)  I A 
where 
and 
(19) ki = ci/co, i = 1 , 2 , 3  
are t h r e e  c o n s t a n t s  of  i n t e g r a t i o n .  It  is  
clear t h a t  t h e  e x p l i c i t  op t imal  bank c o n t r o l  
can be ob ta ined  from E q . ( 1 7 ) ,  a q u a d r a t i c  
eaua t ion  i n  A .  Durinu t h e  numerical  i n t e -  
g r a t i o n  f o r  t h e  opt imal  t r a j e c t o r y ,  we  use 
t h e  opt imal  bank ang le  ob ta ined  from Eq .  (17) 
except  t h a t  when t h e  bank ang le  reaches  i t s  
bounhary t h e  corresponding maximum bank 
ang le  must be used. The t h r e e  c o n s t a n t s  
k , kZand k3 are t o  be s e l e c t e d  such t h a t  
t i e  f i n a l  and t r a n s v e r s a l i t y  cond i t ions  
are i d e n t i c a l l y  s a t i s f i e d .  
Maximum Endurance Problems 
A s  a p p l i c a t i o n ,  it i s  supposed t h a t  a 
smal l  l i f t i n g  v e h i c l e  i s  c a r r i e d  by an a i r -  
p l ane  heading d i r e c t l y  toward a t a r g e t  
l oca t ed  a t  t h e  o r i g i n  0. By symmetry, w e  
can cons ide r  t h e  i n i t i a l  v e l o c i t y  as a long  
t h e  X-axis. A t  a c e r t a i n  d i s t a n c e ,  t h e  
g l i d i n g  v e h i c l e  i s  r e l e a s e d  and wh i l e  t h e  
c a r r i e r  i s  performing e scap ing  maneuver, 
t h e  s m a l l  v e h i c l e  tries t o  r each  t h e  t a r g e t  
a t  f i n a l  r e s i d u a l  speed uf i n  a maximum 
t i m e .  Thus, w e  have t h e  end cond i t ions :  
eo= 0 , xo = s p e c i f i e d ,  y,y $o  = 0 ,  uo = 1 
e -ax, xf=yf=O, liif=free, u f=spec i f i ed  
( 2 0 )  
f 
For t h e  numerical  i n t e g r a t i o n ,  w e  t a k e  t h e  
va lues  
3 
E* =20, hmax =1.8, o =0.23 (21) 
The first two values concern the aerody- 
namic characteristics of the gliding vehi- 
cle. They represent typical values for 
a whole class of vehicles which includes 
the example vehicle in Refs.1-2. The 
value of w corresponds to the same vehicle 
at sea level, but it can represent a vehi- 
cle with lower wing loading flying at 
higher altitude. To enforce the constra- 
int on the load factor, we can specify a 
value say, nmax=5. But in general, for 
maximum endurance problems this value is 
never reached since the bank angle remains 
in the interior of the domain of maneuver- 
ability. 
For the small glider to reach the 
target, it must be released within a zone 
of penetration. This zone has a limiting 
radius r which can be obtained by integr- 
ating the state equations with 11=$=0. 
The solution is 
with an absolute maximum endurance 
__ 
-1 fT; 
'-Amax 1-W )-tan (-) 
emax=g E* [tan -1 ( f2'max 
h + r + 1  
1 max max ___ 1 -  + +04' - 
'max f2'max +' 
(23) 
In deriving these explicit limiting solu- 
tions, the final speed is the stall speed 
which corresponds to maximum lift coeffi- 
cient at zero bank angle. Hence from 
Eq. (5), 
Uf = (24) 
The optimal relation (17) is for the 
general case where the final heading is 
also specified. With free$f, p ( 0  ) = O  
and from Eq. (10d), k3=0. 
mal problem is a two-parameter problem, 
with kl and k to be selected such that 
at u=uf, the Sinal conditions xf=yf=O are 
identically satisfied. The five optimal 
trajectories with points of release before 
and directly above the target are shown in 
Fig. 3. 
The first trajectory is the limiting case 
of rectilinear flight with p=$=O described 
above. For the next three optimal trajec- 
tories the release points are closer and 
closer to the target, the vehicle first 
bank to the right and then banks to the 
left to reach the target. The initial bank 
angle is nonzero but is increasing and then 
Hence? t6e opti- 
decreasing as the point of release getting 
closer to the target. The fifth trajectory 
has the release point directly above the 
target and the bank angle is zero initial- 
ly and then to the left and finally returns 
to zero again at the final instant. The 
maximum endurances for different points of 
release are also given in Fig. 3. The plot 
of the variations of the bank angle versus 
the normalized time r=t/tf is shown in Fig. 
4. Then Fig. 5 gives the variations of the 
normalized lift coefficient 1. 
Figure 3 also presents two optimal 
trajectories at different points of release 
while the carrier is leaving the target. 
The turn is in the same direction as the 
fifth trajectory with the initial bank 
angle larger as  the point of release gett- 
ing further from the target. This is also 
shown in Fig. 4 for the two trajectories. 
The last trajectory is the limiting trajec- 
tory for the released vehicle to have suf- 
ficient speed to reach the target. This 
trajectory can be obtained directly by 
translating the origin of coordinates to 
the point of release and solving the pro- 
blem with the end conditions 
.v' 
eo=o, x0=yo = o ,  *o=o, uo=l 
(25) 
ef=max, xf=free, yf=O,$*=free, u=uf 
In this case, the optimal bank angle is 
still given by E q . ( 1 7 )  but now with kl=O, 
k -k xf. Hence, the optimal bank angle 
ii-gzven by J 
k2(xf-xlA2+2u[l+k2u sin$lA 
The parameters selected for the iteration 
are k2 and xf. 
Influence of the Altitude 
The present formulation has reduced 
the number of vehicle characteristics to a 
minimum. By specifying E*=20, Am ,-1.8. 
we have obtained solutions for alf ;lass 
characteristics. The initial speed is 
rather a characteristic of the carrier. 
By varying Vo we vary proportionally the 
endurance. Also a value w=O.23 has been 
selected for the numerical integration. 
For any specified value of Vo, by increas- 
ing the numerical value of o, we either 
increase the wing loading W/S, or for a 
prescribed wing loading, this corresponds 
to an increase in the altitude. We now 
consider the influence of this parameter 
on performance. 
etration is a function of o as shown in v 
of vehicles with the same aerodynamic 
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Fig. 5 Variations of the Normalized Lift 
Optimal Trajectories. Fig. 4 Variations of the Bank Angle for 
the various Optimal Trajectories. 
using the optimum value of o, and keeping 
Fi9.6. It is maximized when the altitude unchanged, say at sea level, 
this is translated into the best value of 
wing loading, W/S, for deepest penetration. 
(27) 
speed V , once the aerodynamic characteri- 
It is shown in Ref.6 that this equation has stics Eo and Amax are given, the absolute 
a unique solution for o, that is for the maximum endurance, as given by Eq.(23), is 
altitude. With imx=l.8, the solution is a function of W .  This time is maximized 
0=0.396151, and hence if oo=0.23 denotes when 
the sea level, this corresponds to the 
optimum density ratio, wo/w=p/po=0.580587. 
Based on the standard atmosphere, the opt- 
imum altitude for largest radius of pene- 
tration is h=5321m. On the other hand, 
- _  
Likewise, for a prescribed initial 
i2max 1 - log[ ( 1 + 7 ) 1  
1 + W 2  l + A z m x  
5 
r .  0 
Fig. 6 Endurance and Radius of Penetration 
as Functions of Altitude. 
We consider this equation, written as 
f(o)=O. 
have the condition at the ceiling uf=uo=l. 
There is no possibility for gliding at 
At the altitude level w=Amax, we 
constant altitude and the endurance~is zero. 
Furthermore, f(Amax)<O. As the altitude 
decreases, the time first increases and 
then below a certain altitude it decreases 
since f(c),O for very small value of W .  
Hence, it is clear that there exists a 
value of w satisfying Eq.(28) for overall 
maximum endurance. With hmax=1.8, the 
solution is w=.264489, corresponds to a 
density ratio p/po=.869601 and an altitude 
h=l432 m . 
Figure 7 plots the optimal trajector- 
ies for a release over the target and a 
return to the origin at three different 
altitude levels. Trajectory A corresponds 
to the case of the reference altitude 
which is the sea level for the vehicle 
considered in Refs.1-2. Trajectory B cor- 
responds to the case where the radius of 
penetration is largest and trajectory C 
is generated at the altitude where the 
flight time is maximized. 
A: at reference altitude 
E :  at h for overall rmaX 
C: at h for overall ernax 
Fig. 7 Three Optimal Return Trajectories 
at Different Levels of Altitude. 
Conclusions 
The optimal trajectories for maximum 
endurance gliding in a horizontal plane are 
obtained by the application of Pontryagin's 
maximum principle. The formulation reduces 
to a minimum the number of aerodynamic 
characteristics involved and hence the 
results apply to a whole class of vehicles. 
The influence of altitude and wing loading 
on performance is discussed. It is shown 
that there exist an altitude(wing loading) 
for maximum radius of penetration and 
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